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We consider the relaxation dynamics of two magnetic domains coupled to a common bosonic
bath. Interference effects due to the coherent coupling to the common bath gives rise to character-
istic features in the relaxation dynamics after a quench or during a periodic external driving. In
particular, we find that the steady state during periodic driving depends sensitively on the initial
state as well as on system parameters such as coupling asymmetries. When coupled to more than
a single reservoir, the interference effects can lead to a cooling mechanism for one of the bosonic
reservoirs.
I. INTRODUCTION
With the ongoing miniaturization of electronic circuits
it has become increasingly more important to fabricate,
control and manipulate systems at the nanoscale. Re-
cent years have shown tremendous progress in this re-
gard that has led, e.g., to exciting developments such
as arrays of superconducting qubits [1–3] and microwave
cavities [4–6] for quantum computing. Nanoscale systems
based on spins are of particular interest as their quantum-
mechanical nature is inherently important. They can be
realized in a number of different ways such as NV cen-
ters in diamond [7, 8], magnetic nanoparticles [9], sin-
gle molecular magnets [10–12] and individual magnetic
atoms [13–17], nuclear spins in semiconductors [18, 19]
and electron spins in semiconductor quantum dots [20–
22]. The various spin systems offer promising prospects
for applications in high-density memories [23, 24] and for
spin-based quantum computation [25].
In general, quantum systems are not totally isolated
but are coupled to some environmental degrees of free-
dom. For spin systems, the coupling to the environment
gives rise to energy relaxation and dephasing which have
both been studied extensively in the framework of the
spin-boson model [26–28] where a central spin is cou-
pled to an ensemble of harmonic oscillators that act as
bath of noninteracting bosons. While energy relaxation
and dephasing are detrimental for quantum computing
and in memory applications, the coupling of a spin to
different baths that are not in thermodynamic equilib-
rium with each other gives rise to interesting new effects
such as the possibility of driving the spin into nonequi-
librium states, of heat transport across the spin [29–34],
and even rectification of such heat currents in nonlinear
response [35].
So far, most studies of the spin-boson model have fo-
cussed on setups where a single central spin is coupled
to one or several bosonic baths. Here, we go beyond this
paradigm by considering an extended quantum system
consisting of two spins coupled to bosonic reservoirs, see
Fig. 1. As a new ingredient, the nonlocal nature of the
spin system allows for the coherent coupling of the differ-
ent spins to one common reservoir. As was pointed out
recently in Ref. [36, 37], this coherent coupling can give
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FIG. 1. Sketch of the system. Two magnetic domains that are
each characterized by their spin Si, i = L,R, are coupled to
a common bosonic reservoir with coupling constant gi,k,1. In
addition, the second domain couples to an additional bosonic
reservoir with coupling constant gR,k,2.
rise to new and interesting effects such as the possibility
of relaxing certain initial states not into the ground state
but rather into an excited state. When considering only
the smaller of the two spins in this nonequilibrium state,
one observes an occupation inversion that can, in prin-
ciple, be interpreted in the framework of negative tem-
peratures [38–40]. Physically, this counterintuitive relax-
ation dynamics is based on the conservation of angular
momentum. If both spins couple equally to the common
reservoir, the total angular momentum of the spin system
is conserved during relaxation. Hence, if the initial state
has a different total angular momentum than the ground
state, relaxation to the lowest energy state is not possi-
ble and the system instead ends up in the lowest energy
state compatible with angular momentum conservation.
Here, we extend the analysis of Hama et al. in sev-
eral regards. First of all, on a technical level we make
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2use of a real-time diagrammatic approach [41–46] to de-
rive a generalized master equation that determines the
relaxation dynamics of the spin system. The real-time
diagrammatics is tailored to deal with arbitrary interac-
tions within the quantum system. Hence, we do not have
to resort to any mean-field approximation in evaluating
spin expectation values. Furthermore, our approach al-
lows for a systematic expansion in the system-reservoir
coupling which accounts for level renormalization effects
that impact the system dynamics even to lowest order
in the tunnel couplings [47–50]. Second, we do not only
consider the dynamics of the system after a quench of
its parameters but we also consider the response to a
periodic external driving. We find that the steady state
reached under periodic driving can be very different from
the final state that is reached after a simple quench un-
der otherwise identical conditions. Finally, we explore a
larger range of parameter space by allowing for asymmet-
ric couplings of the two spins to the common reservoir.
This breaks total angular momentum conservation and,
thus, the mechanism that gives rise to the population
inversion. Nevertheless, we find that the system dynam-
ics still remains nontrivial in this case. Furthermore, we
also introduce the coupling of one spin to an additional
second reservoir which also gives rise to a breaking of
angular momentum conservation.
The paper is organized as follows. We present the sys-
tem and its theoretical description in Sec. II. The results
for driving the setup with a periodically modulated ex-
ternal magnetic field are discussed in Sec. III A while the
dynamics following a quench is analyzed in Sec. III B.
Finally, we present conclusions in Sec. IV.
II. MODEL
We consider a setup consisting of two magnetic do-
mains with spin Si, i = L,R, coupled to bosonic reser-
voirs. In particular, both spins couple coherently to one
common reservoir while the second spin may additionally
couple to a separate bath, see Fig. 1. While in principle
both spins can take arbitrary values, here we will focus
on the case where SL  SR. In the following, we will
consider the limiting case SR = 1/2. Nevertheless, our
results remain qualitatively valid for larger values of SR.
The two spins are subject to a time-dependent external
magnetic field B(t) along the z direction which we as-
sume to be identical for both domains. The spins are
thus described by the Hamiltonian
Hspin = B(t)
∑
i
Szi . (1)
The reservoirs j = 1, 2 are modeled in terms of noninter-
acting bosons with dispersion relation Ek,j as
Hres,j =
∑
k
Ek,jb
†
k,jbk,j . (2)
We assume that both reservoirs have the same tempera-
ture T . Finally, the coupling between the spins and the
reservoirs is given by the Hamiltonian
Hint =
∑
i,j,k
(
gi,k,jS
+
i bk,j + g
∗
i,k,jS
−
i b
†
k,j
)
. (3)
It describes processes where a boson is created (an-
nihilated) in bath j while the z component of spin
i is reduced (increased) by ~. The coupling con-
stants gi,k,j are related to the energy-dependent spec-
tral functions J
(j)
ii′ (ω) =
2pi
~
∑
k gi,k,jg
∗
i′,k,jδ(ω − Ek,j) =
γ
(j)
ii′ (ω/ωc)
αe−ω/ωc , where ωc denotes a cutoff energy.
The exponent α is connected to the energy dependence of
the density of states
∑
k δ(ω−Ek,j). In the following, we
will assume an Ohmic bath with α = 1. The first reser-
voir is coupled to both spins which yields separate tunnel
coupling strengths (γ
(1)
LL ,γ
(1)
RR) and also interference con-
tributions that scale with γ
(1)
LR = γ
(1)
RL =
√
γ
(1)
LLγ
(1)
RR. The
latter couple the dynamics of both spins coherently. If
neglected, the spins evolve independently of each other as
if each spin is coupled to its own reservoir. The second
reservoir couples only to the right spin and, therefore,
only γ
(2)
RR must be taken into account.
In order to describe the time evolution of the system,
we extend a real-time diagrammatic technique that has
originally been developed to describe electronic transport
in strongly interacting quantum dot systems [41–46]. The
key idea behind this approach is to integrate out the non-
interacting bath degrees of freedom and to describe the
remaining quantum system in terms of its reduced den-
sity matrix ρ with matrix elements ρχ1,χ2 = 〈χ1|ρ|χ2〉
where χ1,2 are eigenstates of Hspin. For the system at
hands, we can either choose the basis spanned by the to-
tal spin of the domains Stot and its z component S
z
tot or
the basis spanned by the z component of both spins, SzL
and SzR. While both descriptions are completely equiv-
alent to each other, some aspects of the spin dynamics
can be understood more easily in one of the two bases.
The real-time diagrammatics allows for an exact treat-
ment of any type of interactions in the quantum system
in combination with a systematic expansion in the tunnel
couplings to the reservoirs. The time evolution of the re-
duced density matrix is governed by a generalized master
equation of the form
d
dt
ρχ1,χ2(t) = −i(Eχ1 − Eχ2)ρχ1,χ2(t)
+
∑
χ′1,χ
′
2
∫ t
0
dt′Wχ1,χ2;χ′1,χ′2(t− t′)ρχ′1,χ′2(t′). (4)
The first term on the right-hand side describes the coher-
ent evolution of the system in the absence of any coupling
to the bath. The second term arises from the dissipative
system-bath coupling. The generalized transition rates
Wχ1,χ2;χ′1,χ′2 can be evaluated as irreducible blocks of the
3quantum system’s propagator on the Keldysh contour. In
this work, we evaluate the transition rates to first order
in the system-reservoir coupling strengths γ
(j)
ii′ . Once we
have obtained the time-dependent reduced density ma-
trix, we can evaluate spin expectation values of the two
domains in a standard way as 〈Szi 〉 = TrSzi ρ. The heat
currents flowing into the reservoirs are given by the ex-
pectation value of the heat current kernel WQ which is
obtained from the generalized transition rates W by mul-
tiplying each rate with the heat transferred from the spins
into the reservoir during the associated transition.
The generalized master equation accounts for the dy-
namics of both, diagonal as well as off-diagonal elements
of the reduced density matrix. Here, we consider ini-
tial density matrices ρ(t = 0) that are diagonal in Sztot.
The coupling Hamiltonian (3) does not generate coher-
ent superposition between states with different Sztot. In
contrast, coherent superposition between states with dif-
ferent Stot can arise even if they are absent at t = 0.
Since the eigenenergies Eχ = 〈χ|Hspin|χ〉 do not depend
on the total spin, the first term on the right-hand side of
Eq. (4) drops out. The coherent dynamics is completely
governed by the dissipative coupling to the reservoirs.
Importantly, the generalized transition rates that in-
volve coherences in general have a real as well as an imag-
inary part. While the former describes the rate of tran-
sition, the latter determines the frequency of coherent
oscillations between states with different Stot. It arises
from virtual transitions and can be expressed (up to a
Clebsch-Gordan coefficient) by the principal value inte-
gral
B
(j)±
ex,ii′ = P
∫ ∞
0
dω
J
(j)
ii′ (ω)n
±(ω)
B − ω , (5)
where n+(ω) = [exp(ω/kBT )− 1] denotes the Bose func-
tion and n−(ω) = n+(ω) + 1. Assuming that the two
total spin values form a pseudospin-1/2, the oscillations
can be seen as an electron spin precessing around an effec-
tive exchange field [47–49, 51–56]. Such an analogy has
also been observed in the context of quantum transport
though spatially localized [50, 57, 58] and non-localized
orbitals [59].
We emphasize that a proper treatment of this effective
exchange field is needed to obtain a correct description of
the time evolution of the system. This becomes obvious
when analyzing the time evolution in the two spin bases
mentioned above. Identical results are obtained only if
the exchange field is included in the calculation.
III. RESULTS
In the following, we analyze the spin dynamics as well
as the heat flowing out of the reservoirs in response to an
external magnetic driving of the system. In particular,
we are going to discuss two scenarios namely (i) a periodic
driving of the system and (ii) its quench dynamics.
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FIG. 2. Time evolution of 〈SzL〉 and 〈SzR〉 for symmetric cou-
plings γ
(1)
LL = γ
(1)
RR. The total spins of the domains are SL = 5
and SR = 1/2. The magnetic field of strength B = 10 kBT
changes its sign twice each period T = 10/(γ
(1)
LL + γ
(1)
RR). The
cutoff energy is ωc = 10
2kBT .
A. Periodic driving
We consider the system in the special case where the
spins are coupled to the common reservoir only and the
coupling to the second reservoir vanishes, γ
(2)
RR(ω) = 0.
The system is prepared in either of two initial states. In
the first state, both spin are aligned parallel and point
along the positive z axis, |ψP〉 = |SzL = SL, SzR = SR〉. In
the second state, the two spins are aligned antiparallely
such that |ψAP〉 = |SzL = SL, SzR = −SR〉. Subsequently,
the setup is subject to a periodic switching of the mag-
netic field direction with period T such that B(t) = +B
during the first half-period and B(t) = −B during the
second half-period.
a. Symmetric coupling To start with, we consider
the case where both spins couple symmetrically to the
common reservoir, i.e., γLL = γRR. If the system is pre-
pared in the parallel initial state |ψP〉, the dynamics of
the spin system is rather trivial, cf. Fig. 2. Whenever
the magnetic field switches, both spins (orange curve)
flip such that the system relaxes to the new ground
state, provided kBT  B. The dynamics of this pro-
cess can be understood most easily in the basis of the
total spin of the two domains and its z component.
In order to switch from the state Sztot = +Stot to the
state Sztot = −Stot, the system has to create 2Stot + 1
bosons. The rate for this creation process scales as
|〈Stot, Sztot−1|S−tot|Stot, Sztot〉|2 ∝ S2tot. Hence, the switch-
ing time scales as S−1tot , i.e., the spins switch faster the
larger they are. Due to the symmetric couplings this
switching affects the spin of the left and right domain
equally. This effect relies crucially on the interference-
related couplings. If we neglect the coherent coupling,
γ
(1)
LR=γ
(1)
RL=0, the spins evolve independently from each
other. In this case, the switching time of 〈SzR〉 is drasti-
cally reduced, cf. the dashed green curve in Fig. 2.
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FIG. 3. Time evolution of 〈SzL〉 and 〈SzR〉 for asymmetric
couplings γ
(1)
LL = 10γ
(1)
RR. The period is T = 100/(γ
(1)
LL + γ
(1)
RR).
Other parameters are identical to Fig. 2.
The dynamics of the system becomes more interest-
ing if it is initially prepared in the antiparallel configu-
ration |ψAP〉 (dotted black curve). Right after the ini-
tial switching of the magnetic field at t = 0, the left
spin is in its highest excited state while the right spin
is in its ground state. Naively, one might expect the
left spin to relax to its ground state while the right
spin stays in its ground state. Interestingly, this does
not happen. While the large spin indeed relaxes to the
ground state, the small spin flips from the ground state
to some excited state such that it exhibits a population
inversion with the excited state having a higher occu-
pation probability than the ground state. Therefore, if
only the right spin is considered, it seems as if the sys-
tem has reached a negative-temperature state. We re-
mark, however, that the state of either spins is not a
thermal but rather a generic nonequilibrium state. This
counterintuitive behavior has been noticed previously in
Refs. [36, 37]. It arises because the Hamiltonian (3) takes
the form Hint =
∑
k
(
gL,k,1S
+
totbk,1 + g
∗
L,k,1S
−
totb
†
k,1
)
for
symmetric couplings (gL,k,1 = gR,k,1) such that the total
angular momentum is conserved. Hence, a system pre-
pared in the initial state |ψAP〉 with Stot 6= (SL + SR)
cannot relax to the ground state with Stot = SL + SR
but rather ends up in an excited state.
We remark that in order to describe the nontrivial dy-
namics of the second spin correctly, it is again crucial to
properly account for the interference-related couplings.
If neglected, 〈SzR〉 follows the direction of the magnetic
field as indicated by the dashed green curve.
b. Asymmetric coupling So far we have considered
the case where both spins couple symmetrically to the
common reservoir. We now turn to the more realistic
scenario that the coupling is asymmetric. To begin with,
we consider the situation where the left spin couples more
strongly than the right spin, γ
(1)
LL > γ
(1)
RR, and the setup
is prepared in the parallel initial state |ψP〉. Whenever
the magnetic field changes direction, the left spin quickly
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FIG. 4. time evolution of 〈SzL〉 and 〈SzR〉 for asymmetric cou-
plings 10γ
(1)
LL = γ
(1)
RR. The period is T = 100/(γ
(1)
LL + γ
(1)
RR).
Other parameters are identical to Fig. 2.
relaxes towards its new ground state, cf. blue curve in
Fig. 3. The right spin (orange curve) behaves differently
though. While it shows the tendency to relax to the
new ground state upon switching of the magnetic field,
it does not fully reach the ground state but rather ends
up in a state with |〈SzR〉| < SR. With each switching of
the magnetic field, the absolute value of 〈SzR〉 decreases
such that in the long-time limit a situation is reached
where 〈SzR〉 = 0. Hence, just like in the case of sym-
metric coupling the spins reach a nontrivial steady state
that is different from the ground state. However, for the
asymmetric coupling we find that its properties rather re-
semble that of an infinite-temperature state (though we
would like to emphasize again that the spin state is not
a thermal one).
The physics behind this relaxation behavior can be un-
derstood most easily in the basis spanned by SzL and S
z
R.
The left spin relaxes much faster than the right spin due
to the stronger coupling strength. During this relaxation,
the exchange field mixes degenerate states with SzL ± 1
and SzR ∓ 1. Moreover, the coherent mixing hinders the
thermalization of SzR. After some switches of the mag-
netic field, no spin direction is preferred and the right
spin ends up in an incoherent mixture of being in the
ground and in the excited state.
For the case of an antiparallel initial state |ψAP〉, the
system behaves in a similar manner and reaches a steady
state in which SzR vanishes (dotted black curve).
Finally, we consider the case where the right spin is
coupled more strongly to the common reservoir, γ
(1)
RR >
γ
(1)
LL and the system is prepared in the parallel initial
state |ψP〉. As can be seen in Fig. 4, in this scenario the
spin dynamics is close to what one would expect naively.
Upon switching the direction of the magnetic field, both
spins flip from their respective excited to ground state.
However, we remark that even here due to the presence
of coherent superpositions between different spin states
and the action of the exchange field the second spin does
not reach its ground state completely but has a certain
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FIG. 5. Heat currents into the reservoirs as a function of time.
The total spins of the domains are SL = 25 and SR = 1/2.
Both reservoirs are at equal temperature T . A magnetic field
of strength B = 0.5 kBT is switched on at t = 0. Other
parameters are γ
(1)
LL = γ
(1)
RR = γ
(2)
RR and ωc = 10
2kBT .
admixture of excited states in the stationary state result-
ing in a spin expectation value |〈SzR〉| < SR. A similar
behavior also occurs when the system is initialized in the
antiparallel configuration ψAP.
B. Quench dynamics
So far, we have considered the situation where both
spins have been coupled to a common reservoir only and
where the external magnetic field has been switched peri-
odically. Now, we turn to the case where both spins cou-
ple symmetrically to the common reservoir, γ
(1)
LL = γ
(1)
RR,
while the right spin is in addition coupled to a second
bosonic reservoir with coupling strength γ
(2)
RR and con-
sider the dynamics after a quench of the magnetic field.
To this end, we prepare the system in the parallel ini-
tial state |ψP〉. At time t = 0, the external magnetic
field is switched on to point along the negative z direc-
tion, B(t > 0) = −B such that the spin system is in its
highest excited state. At short times after the quench,
the spins relax by creating bosons in reservoir 1 with a
rate that scales as (SL +SR)
2γ
(1)
LL . At the same time, the
relaxation via the creation of bosons in the second reser-
voir is much smaller and scales as S2Rγ
(2)
RR. As a result,
the majority of the heat released during the relaxation
process is injected into reservoir 1 via the positive heat
current Q˙1, see Fig. 5.
Due to the symmetric coupling of both spins to the first
reservoir, the corresponding transitions cannot change
the total spin of the domains and states with a total
spin Stot < SL + SR are not accessible. They become
accessible, however, via coupling to the second reservoir
which breaks the conservation of the total spin. In conse-
quence, spin flips of SR occur which extract energy from
the second reservoir and lead to a negative heat current
Q˙2(t), cf. Fig. 5. When integrating the heat current
Q˙2(t) over time during the whole relaxation processes,
we find that in total energy is extracted from reservoir 2,
i.e., it is cooled down during the relaxation of the spin
system. Similar to Section III A, the importance of the
interference effects due to the coupling to the common
bath becomes clear when they are neglected manually in
the calculation. In this case, Q˙2(t) does not change sign
as a function of time and reservoir 2 simply is heated, see
the green curve in Fig. 5.
The amount of heat that can be extracted from the
second reservoir can be tuned by the ratio between the
coupling to the two reservoirs and can reach about 40%
of 2BSR. Similarly, the efficiency of the cooling processes
which we define as the ratio between the heat extracted
from reservoir 2 and the total energy released into the
reservoirs during the relaxation process can reach values
of about a few percent. While this low efficiency limits
the practical use of the proposed refrigeration mecha-
nism, we emphasize that it is nevertheless an interesting
effect which demonstrates that a coherent system-bath
coupling can give rise to unexpected physical effects.
IV. CONCLUSIONS
We have investigated the dynamics of two magnetic
domains coupled to bosonic baths. We found that inter-
ference effects due to the coupling of both domains to the
same bath gives rise to a nontrivial spin dynamics when
the system is driven by the periodic switching of an ex-
ternal magnetic field. In particular, the system does not
simply relax to the ground state but rather reaches steady
states that sensitively depend on the initial state as well
as the coupling asymmetry between the two domains.
Furthermore, we have demonstrated that the interference
effects allow for the realization of a magnetic refrigerator
where heat is extracted from one bosonic reservoir dur-
ing the relaxation processes of the spins while the excess
energy is dumped into another reservoir.
In perspective, our work demonstrates that a rich
and nontrivial dynamics can be expected whenever sev-
eral quantum systems are coupled coherently to common
thermal baths.
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